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A theory has been developed for heat or mass transfer between phases which may have un-
steady time dependent velocity fields. The configuration analyzed involves two concentric tubes,
but the analysis can be extended to more than two phases, or streams, and to noncylindricol
cross sections. For the configurotion considered, the dispersion coefficient is found from first

principles.

It is noteworthy that the dispersion model given by Equation (15) or (63) and (64), which is
consistent with the basic continuum model of Equations (8) and (9), is based on the super-
ficial velocity rather than the interstitial velocity. This strongly suggests that experimental
observations on packed beds, or other multiphase systems, should be interpreted on the basis
of uy, the superficial velocity, rather than the interstitial velocity which has been used often

in the past.

Many important separation processes that are of interest
to chemical engineers involve intimate contact between
two or more phases all of which may be flowing as in gas-
liquid absorption, or as in gas adsorption systems, one
phase may be stationary. Such systems are usually stud-
ied by assuming steady state conditions exist, to simplify
the analysis.

In recent years, both laminar and turbulent cocurrent
and countercurrent steady state multistream heat exchang-
ers have been analyzed (2 to 5, 11 to 16) mathematically.
A review of the mathematical basis of this work and the
relation of cocurrent analyses to earlier work on composite
body heat transfer is given elsewhere (5). These studies
show that steady state multistream systems can be ana-
lyzed by more or less classical methods but the analyses
are complex and the numerical calculations necessary are
rather tedious. The extension of these methods to apply
to unsteady state systems promises to be even more com-
plex. Therefore, one cannot expect to gain incisive physi-
cal insights from them without performing very extensive
numerical calculations. Thus the development of a new,
simpler method seems desirable.

1t is the purpose of this work to:

1. Develop a method of analysis which enables one to
deal with multiphase, time dependent flows, wherein the
velocity distribution in each stream is described by con-
tinuous arbitrary functions given by u;(4, ).

2. Show clearly how the dispersion coefficient, and dis-
persion model, enter the problem of finding the solution
for the local concentration distribution in each phase, or
stream.

3. Show explicitly how the dispersion coefficient de-
pends on the properties of the system.

The problem of axial dispersion in steady flow multi-
phase systems has been studied by Aris (1) who employed
the method of moments to calculate a dispersion coefficient
for such systems. In two other articles which are relevant,
Gill (7, 8) analyzed unsteady convective diffusion in
single stream steady and unsteady flow systems. The
method developed by Gill for single phase systems will
be further extended herein to unsteady How multiphase
systems.

ANALYSIS

The present analysis will consider convective diffusion
of mass or energy in two concentric annular layers wherein
the velocity fields are functions of transverse position and
time. The same method can be extended to other configura-
tions in a fairly straightforward way.

For the case of two dimensional systems, the governing
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differential equations are
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We now formulate the solutions of Equations (8) and
(9) as
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which is a significant generalization of the solutions devel-
oped elsewhere (7, 8). If one substitutes Equations (10)
and (11) in Equations (8) and (9) the result is
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Now, if the process of distributing Cyp, is assumed to be
diffusive in nature for sufficiently large values of ¢, then
one can write

3Cn: 3?Cy,
—_— = K(t 15
Py (t) P (15)
and this requires
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By substituting Equation (16) into Equations (13) and
(14) and equating coeflicients of *C,./dx;* to zero, one
gets the following systems of equations:
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The solution of Equations (15), (17), and (18) consti-
tutes the solution of the problem of two phase unsteady
convective diffusion with time variable flow. It will be
shown that, as in the case of single phase systems, the
dispersion coefficient, K, is a time dependent eigenvalue
which we can determine explicitly. That is, K must assume
the particular form given in Equation (62) or the solu-
tions given by Equations (10) and (11) will not satisfy
the boundary conditions, Equation (3) to (5), of the
problem. The solution for first-order functions f; and g;
essentially reduces to solving the transient composite body
problem given by Equations (26) and (28) and the steady
state composite body problem given by Equations (27)
and (29). To obtain the higher order functions one would
proceed along similar lines to those used to find f; and g;.

First, one must find the solution of Equations (17a) and
(18a) and this is most easily accomplished by using the
Duhamel theorem (6). Let Fy (A, t,7) and G; (A, t,7) be
the solutions of
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where ) is a parameter which is taken as a constant and
replaces ¢ in u;, ty and . One can find F; and G; by
letting
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It follows immediately that
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The conditions of Equation (21) and
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which follows from Equations (10), (11), and (12), re-
quire that
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For either laminar or turbulent flows in which D, and
Dy, are functions of 7, to find solutions for Fy; and Gy,
we will again use the Duhamel theorem and thus their
values at Ry, Fy¢ (M £, Ry) and Gy (M £, Ry), are taken to
be Fi:(), ¢, R;) and Gyt(A, ¢, By) which are considered
constants since ¢ is taken to be a constant parameter. One
can solve Equations (26) and (28) by using the Duhamel
theorem and we obtain

rfui(\, 0) — um(\) ] do d

d ¢t
Fie=2 f 1000 = 0 1) + Fuls, R)1 05 (37)

d [t _
Guo= = f T80 t— b,7) + Gucl, R) T dp (39)

Equations (37) and (38) apply for either laminar or tur-
bulent flow. For turbulent How the eigenfunctions and
eigenvalues must be determined numerically whereas for
laminar flow the solutions are given in terms of Bessel
functions. Therefore, to demonstrate the method we con-
sider the laminar flow case and obtain for 8, and 8, the
following results

0, = “2 [ain—azm Fie(M, b, Ry)] e ] ( Yal' )

n=1 Dl
(39)
and
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The eigenfunction Jo(yn7/\/Dj) is a zero order Bessel func-
tion of the first kind and ¢, is defined by

W) -1(22)
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with Yo (azr/\/D3) being a zero order Bessel function of
the second kind. The eigenvalues v, and a, are the zeros
of

Rl) =0

]0( \’/’,;‘)_1 (42)

and

(20) (2 ) () 0 ()

(43)
Furthermore, the coefficients are given by
Ry Ry
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Ry Rg
";1 rGys (N, 1) Yudr e, ndr
A b= (43)
Ll r 2 dr ";1 T 2dr

Now it remains to find Fy:(t, R;) and Gy:(¢, Ry). First,
we use Equation (21) and then, because of Equation (22),
equate the derivatives of Equations (37) and (38) multi-
plied by D; and D, respectively. This yields

d 2
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r

Equation (46) is a Volterra integral equation and is most
easily solved by using the LaPlace transform. If one notes
that the integrals are convolution integrals and takes the
transform of Equation (46) the result is

é;t(P; Rl)
D dJo (BRy) beD C_i‘l'_r_m (Ry)
o A1n l-dT 1n Zdr
n§1 p+ e - P+ an
- dl, (R dn (R
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2 r _ dr
P = P+ vl P+ an?

(47)

The inverse transform of Gy (p, Ry) is found easily by the
method of residues to be
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where the (— Bn?) are the poles of Gy¢(p, Ry) which can
be determined from

- d R dy, (R
o aanDl'ﬁ ( 1) ban2_\’l'“ ( 1>
dr dr
2 B - =0
n=1 77:2 — Bm?® an® — Bm?

(49)

so it is clear By = 0 and the other poles can be found by
using the Newton-Raphson method. It is worth noting that
since the smallest pole is zero the values of the functions
at the interface, Ry, are constant for larger values of time.
With Fy; and Gy; now known, we can calculate f; and gy

by using
] t
f1='5t-j; Fi(, t—)\r)dr (50)

] t
g=o f atioana Gy

With f; and g; known for systems with arbitrary veloc-
ity distributions and total diffusion coefficients, we can
now proceed to consider the next functions, fs and g,
which involve the dispersion coefficient K. As in the single
stream problem, the determination of K is of crucial im-
portance since this enables one to-find Cy, which together
with f1, g and 8Cy./dx; provides the means to obtain the
first approximation for the local distributions in each phase,
C; and C,.

To solve Equations (17b) and (18b), let Fy and G,
satisfy

F
iati-l- [u(d 1) —un(M)]f1 (A7) + H[K()) — D1,]

1 9 oF,
—— 2D, 52
r E)rr ! or ( )
and
G
2+ [ua(h 1) — um(\) ] g2(\, 1) + K(A) — Dy
1 9 3G,
r or it ar (53)

with the boundary conditions given by Equations (21),
(22), and (23) with the subscripts changed from 1 to 2.
Again we separate the functions such that

F2=F25(>\,7')—F2t()\, t, 7’) (54)
and
G2 = st(}\, 1’) had Gzt()\, t, 7') (55)
where
1 d dFys
— —r Dy ——
r dF YTy
= [u (A1) —um(\) 1 f1 (N, 1) + HIK(\) — D11 (56)
F. F
135, p, e 0w (57)
r or or ot
and
1 d D dGys
—_— 7 e
r dr > dr

= [ug(\, 1) —um(M) 1 g1 (N, 1) 4+ K(A) — Doz (58)
1 9 D Gy Gyt

—_—

r Jr 2 ar ot

(59)
An explicit expression for the dispersion coeflicient, K,
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can be deduced from Equations (56) and (58). One in-
tegration of these equations yields

dFg 1 R
» dr2 =_ﬁ-1_fo ! r{[us (M, 1) —un(A)] f1(N7)
. + H[K(\) — D11} dr  (60)
an
dGsys 1 R
- d: =E1—J;21 r{[ua(, 1) —um (M) g (1)

+ K(\) — Dy} dr  (61)

On the basis of Equation (22) one can equate the right-
hand sides of Equations (60) and (61) and thereby ob-
tain the expression for K(¢) as

2 [ Ry
K(t) = Hr Dyd
(®) 322—(1——H)Rl2{ fo I Lilr

+ J;:zr Dy dr ]_ [ J'Om r[uy (8, r) — un ()] f1 (8, 7} dr

oy ) — g ar| L@

Note that it is not necessary to determine f, and g, in order
to evaluate K. However it is straightforward to calculate f,
and g» as well as higher order fi. and g if one wishes to
improve the approximation of the local concentrations (or
temperatures), C; and Cs, but a considerable amount of
information of practical value can be obtained without
doing this.

For the special case of steady flow in Turner structures,
which may be viewed as a two region problem, wherein
the physical properties are the same in both regions, Equa-
tion (62) reduces to equation (28) of reference 9. In (9)
it was shown by comparing the analytical results with
finite difference calculations that for Turner structures the
local distributions are predicted well by the first two terms
of Equations (10) and (11) if dimensionless time is suf-
ficiently large. A similar conclusion was reached elsewhere
(10) for the dispersion of slugs in tubes.

PHYSICAL INTERPRETATION OF THE ANALYSIS

The next important point to be considered is how to ap-
ply the preceding analysis to systems of practical interest.
Aris (1) has discussed some steady flow applications of
the method of moments analysis to distillation and chroma-
tography and, of course, the present analysis is equally
applicable to these cases. The particular application chosen
will determine the initial condition at ¢ = 0 and the x
boundary conditions to be chosen for Equations (1) and
(2). One interesting aspect of the dispersion theory is
that the ¢ = 0 and x boundary conditions do not influence
K.

Other applications of the present analysis are rather
numerous. If the boundary conditions are chosen properly
both cocurrent and countercurrent systems can be consid-
ered. In such cases it is useful to note that Equations (12)
and (15) imply

BCm ale azcml
= K(t 63
T tm (¢) pyeS (63)
acmg (?sz a2Cm2
n =K 64
at tu ax ) ox2 (64)
where
2 (B 2 R
Cnyp = —— e Cudr, Cpy= -——f oy Codr
Ry2 V0 Ry2— Ry YR1
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and

1 R;? R;2
Cm=‘I_I—_R_22Cm1+(]—_'ﬁ;2—) Cune (65)
Equations (63) and (64) also apply when one phase is
stationary as it is in several applications of interest in chem-
ical engineering. Thus the present analysis also can be ap-
plied to either heat transfer or gas adsorption in packed
beds but it is very difficult to calculate the local velocity
field because of the complex configuration involved. How-
ever one method of modeling such systems is in terms of
tube bundles and the application to a single tube is straight-
forward.

For example, consider unsteady heat transfer to the wall
of an insulated pipe so that there is no heat flux through
the outer wall surface. This may be of interest per se, or as
a model of a packed bed wherein the tube wall models the
packing and the open cross section models the interstices.
The K can be calculated from Equation (62) with R; the
inner wall radius and R; the outer wall radius. Suppose, for
definiteness, that a slug of fluid of length x, and tempera-
ture T4, originally placed with its center at x = 0, is started
from rest and passes through a pipe which originally had
a wall temperature Ty and the fluid surrounding the slug
is at temperature Ty, In this case Cy, is given by

R R R (Ty—T
Cm=—1-{—1—To+(1-——1—>'Tz+[ v (=T

© Ry? R? 2
x8+x
B2\ (T;—T 9 T
(1= ) (22)] et ———
2
Ry 2 2 Kdt
0
X
2
+erf———-——t—— (66)

2 j; Kdt
With the function C,, known, one can calculate the local
distributions C; and C, and any other information regard-
ing the transfer process between phases.

CONCLUSIONS

1. For sufficiently large values of time a dispersion
theory has been developed for multi-phase systems with
time variable flow and the dispersion coefficient was found
from first principles to be given by Equation (62).

2. The theory enables one to calculate the local as well
as the average concentration or temperature distributions,
and therefore interphase transfer rates, for both cocurrent
and countercurrent flows. Clearly, a stationary phase such
as an adsorption bed is a special case of these more general
systems.

3. The theory can be extended to more than two phases,
or streams, and to noncylindrical cross sections.

4. It is particularly noteworthy that the dispersion
model, given by Equation (15) or (63) and (64), which
is consistent with the basic continuum model of Equations
(8) and (9), is based on the superficial velocity rather
than the interstitial velocity. This strongly suggests that
experimental observations should be interpreted on the
basis of un rather than the interstitial velocity which has
been used often in the past.
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NOTATION

G1n, agn = coeflicients defined by Equation (44)

Din, ban = coefficients defined by Equation (45)

C1, Cy = local concentration of phases 1 and 2

Cn = defined by Equation (12)

Dy, Dy, = total radial diffusion coefficient of phases 1

and 2
D1, Doy = total axial diffusion coefficient of phases 1
and 2
fr = functions defined by Equation (10) :
F; = function defined by Equations (19) and (50)
Fi; = function defined by Equations (24) and (29)
Fi¢ = function defined by Equations (24) and (26)
F; = defined by Equation (52)
Fys = defined by Equations (54) and (56)
Fy: = defined by Equations (54) and (57)
g = functions defined by Equation (11)
Gis = function defined by Equations (25) and (29)
Gyt = function defined by Equations (25) and (28)
Gy = defined by Equation (53)
Gys = defined by Equations (55) and (58)
Gy; = defined by Equations (55) and (59)
H = distribution constant defined by Equation (4)
Jo = zero-order Bessel function of the first kind
K = dispersion coeflicient defined by Equation (15)
r = radial distance
R; = thickness of phase 1
R, = thickness of phase 1 plus phase 2
t = time
Uy, ty = local velocity distributions of phases 1 and 2
tm = defined by Equation (7)
x = axial distance
%y = defined by Equation (6)
Yo = zero-order Bessel function of the second kind

Greek Letters

an = eigenvalues defined by Equation (43)

Bn = poles of Gy¢(p, Ry) given by Equation (49)

vyn = eigenvalues defined by Equation (42)

8, 8, = function defined by Equations (37), (38), (39),

and (40)
A = dummy variable
¢ = dummy variable

Y, == defined by Equation (41)

LITERATURE CITED
1. Aris, Rutherford, Proc. Roy. Soc. (London), A252, 538
(1959).
2. Bentwich, M., and Samuel Sideman, Can. J. Chem. Eng.,
42,9 (1964).

3. , J. Heat Transfer, C86, 476 (1964 ).
4, ——————— Can. ]. Chem. Eng., 43, 92 (1965).
5. Blanco, J. A., and W. N. Gill, Chem. Eng. Prog. Symp.
Ser., No. 77, 63, 66 (1967).
6. Carslaw, H. S., and ]. C. Jaeger, “Conduction of Heat in
Solids,” 2nd Ed., Oxford Univ. Press, Oxford (1959).
7. Gill, W. N,, Proc. Roy. Soc. { London), A298, 335 (1967).
8. , Chem. Eng. Sci., 22, 1013 (1967).
9. , and V. Ananthakrishnan, AICKE J]., 12, 906
(1966).
10. Ibid., 13, 801 (1967).
11. Nunge, R. J., and W. N. Gill, Intern. J. Heat Mass
Transfer, 8, 873 (1965).
12, —————— AIChE ]., 12,279 (1966).
13. Nunge, R. J., E. N. Porta, and W. N. Gill, Chem. Eng.
Prog. Symp. Ser., No. 77, 63, 80 (1967).
14. Stein, R. P., ORNL-3605, 1, 194, Oak Ridge Natl. Lab.,
(1964).
15. , ANL-6889, Argonne Natl. Lab., Ill. (1964).
16. , Proc. Third Intern. Heat Transfer Conf., 1, 139,

AIChE, New York (1966).

Manuscript received January 24, 1968; revision received May 20,
1968; paper accepted May 22, 1968.

Page 749





